Panel Data Toolbox is a new package for MATLAB that includes functions to estimate the main econometric methods of panel data analysis. The package includes code for the standard fixed, between and random effects estimation methods, as well as for the existing instrumental panel and new spatial panel. This paper describes the methodology and implementation of the functions and illustrates their use with well-known examples. We perform numerical checks against other popular commercial and free software in order to show the validity of the results.
Introduction
Panel data econometrics have grown in importance over the past decades due to increase availability of data related to units that are observed over several periods of time. Panel data econometric methods are available in Stata and R, but there is a lack of a full set of functions for MATLAB, by The MathWorks, Inc. (2013).
The Panel Data Toolbox introduces such set of functions, including estimation methods for the standard fixed, between and random effects models, as well as instrumental panel data models, including the error components by Baltagi (1981) and Baltagi and Liu (2009) , and, finally, existing and new spatial panel data, Baltagi and Liu (2011) . Numerical checks against Stata and R using well-known classical examples show that the estimated coefficients and t statistics are consistent with those obtained with the new MATLAB toolbox.
Spatial econometrics in MATLAB can be estimated using the LeSage and Pace (2009) Econometrics Toolbox, which uses maximum likelihood and bayesian methods, and Elhorst (2011) using maximum likelihood methods. In the new Panel Data Toolbox we use a two stage instrumental variables method to estimate spatial panels with fixed, between and random effects, as well as the error components model, following Baltagi and Liu (2011) .
Panel Data Toolbox is available as free software and can be downloaded from http://www. paneldatatoolbox.com, with all the supplementary material (data and source code) to replicate all the results presented in this paper.
The paper is organized as follows. Section 3 presents the Panel data models with fixed, between and random effects. Instrumental panel data models are illustrated in Section 4. Spatial panels are covered in Section 5. Numerical checks against Stata and R are presented in Section 6. Finally, Section 7 concludes.
Data and structures
Panel data contains units (individuals, firms, countries, regions, etc.) that are observed over several periods of time. Units are usually denoted by i = 1, 2, . . . , n, and time periods by t = 1, 2, . . . T . In this paper we deal only with the case of balanced panel data, those in which all units are observed over the same periods of time. Then, the total number of observations in the panel is N = nT .
Data are managed as regular MATLAB vectors and matrices, constituting the inputs of the estimation functions. Observations are expected to be ordered first by units and then by time period. All estimation functions return a structure estoutput that contains properties with the estimation results as well as the input used to generate that output. Properties can be accessed directly using the dot notation and the whole structure can be used as an input to other functions that print results (e.g., estprint) or plot graphs (e.g., estplot).
Some of the properties of the estoutput structure are the following: 1 y and X: contain the dependent and the independent variables, respectively. n, T and N: number of entities, time periods, and total number of observations. k and l: number of explanatory variables and instruments (including the constant term).
coef, varcoef and stderr: estimated coefficients, estimated covariance matrix, and estimated standard errors.
yhat and res: fitted values and residuals.
statistic, df_statistic and p_statistic: statistic of individual significance, degrees of freedom of the statistic, and the corresponding p value.
Panel data models
The starting formulation is the panel data model with specific individual effects:
y it = α + X it β + µ i + v it ∀i = 1, . . . , n, t = 1, . . . , T,
where µ i represents the i-th invariant time individual effect and v it the disturbance, with
As a classic application we use Munnell (1990) and Baltagi (2008) data. Munnell (1990) suggests a Cobb-Douglas production function using data for 48 U.S. states over 17 periods (1970) (1971) (1972) (1973) (1974) (1975) (1976) (1977) (1978) (1979) (1980) (1981) (1982) (1983) (1984) (1985) (1986) . The dependent variable, output of the production function, is the gross state product, log(gsp), and the explanatory ones are public capital, log(pcap), private capital, log(pc), employment, log(emp), and the unemployment rate, log(unemp). 2 >> load('MunnellData.mat') >> y = log(gsp); >> X = [log(pcap), log(pc), log(emp), unemp]; >> T = 17; >> dvarnames = {'lgsp'}; >> ivarnames = {'lpcap', 'lpc', 'lemp', 'unemp'};
We create a vector y containing the dependent variable and a matrix X with the explanatory variables. A vector of ones for the constant term should not be added to X because it is included internally by the estimation functions. The variables dvarnames and ivarnames are cell arrays of strings that contain the name of the variables that are subsequently used when printing the results of the estimation.
Panel data models are estimated using the panel(y, X, T, method, options) function, where y is the vector of the dependent variable, X is the matrix of explanatory variables, T is the number of time periods per entity, and method is a string that specifies the panel data estimation method to be used among the following:
po: for a pool estimation.
fe: for a fixed effects (within) estimation.
be: for a between effects estimation.
re: for a random effects estimation These estimation methods are explained in the following sections. options is an optional parameter to specify alternative estimation choices.
Fixed effects model
Under typical specifications, individual effects are correlated with the explanatory variables: COV(X it , µ i ) = 0, which motivates the use of the fixed-effects (within) estimation, so as to capture unobservable heterogeneity, Baltagi (2008) .
In this context, including individual effects on the error component while performing OLS (ordinary least squares) results into a biased estimation. In order to extract these effects, the within estimator of the parameters is computed using OLS:
whereỹ = y −ȳ andX = X −X are the transformed variables in deviations from the group mean. It is called "within" estimator because it takes into account the variations in each group. This estimator is unbiased and consistent when both n and T are large. Statistical inference is generally based on the asymptotic variance covariance matrix:
where S 2 denotes the residual variance: S 2 = (e e)/(n(T − 1) − k + 1), with residuals e = y − (Xβ f e + α + µ).
Finally, inference can be performed using the standard tests. The individual significance statistic is distributed as a t-student with n(T − 1) − k + 1 degrees of freedom under homoscedasticity, while the F statistic of joint significance is: 3
The goodness of fit is measured with the R-squared: R 2 = 1 − (e e)/(ỹỹ), and the adjusted R-squaredR
The test for individual effects is the Chow test proposed in Baltagi (2008) :
where RRSS is the restricted residual sums of squares, coming from an OLS pool estimation, and U RSS is the unrestricted residual sums of squares, from the fixed effects estimation.
The panel function implements the estimation of fixed effects panel data models in MATLAB: The function estprint is used to display the table with the results taking the name of the variables specified in the properties dvarnames and ivarnames of the estoutput structure that is returned from the panel function.
Between effects model
In the between estimation the parameters with the transformed variables:
whereȳ andX are the means by groups, premultiplied by (T ) to take into account that the regression is based on nT observations, since the mean of each group is repeated T times, and it should be based on the n observations, Baltagi (2008) . It is called "between" estimator because it takes into account the variation between groups, and since all observations are constant in each group. Again, this estimator is unbiased and consistent when n and T are large. Statistical inference is generally based on the asymptotic variance-covariance matrix:
where S 2 denotes the residual variance: S 2 = (e e)/(n−k), with residuals e = y −Xβ f e . The statistic of individual significance is distributed as a t student with n − k degrees of freedom. The Wald distance is computed as usual and the F statistic of joint significance is:
The goodness of fit is measured with the R 2 , which is computed as the square of the correlation coefficient ofȳ andŷ.
The panel function implements the estimation of between effects panel data in MATLAB: 
Random effects model
In the panel data model (1) the loss of degrees of freedom can be avoided if the individual effects can be assumed random, where the error component u it = µ i + v it includes the i-th invariant time individual effects µ i and the disturbance v it .
The individual effect µ i is assumed independent of the disturbance v it . In addition, individual effects and disturbances are independent of the explanatory variables, i.e., COV(X it , µ i ) = 0 and COV(X it , v it ) = 0 for all i and t. For this reason, the random effects model is an appropriate specification in the analysis of n individuals randomly drawn from a large population. In this context, n is usually large and a fixed effects model would lead to a loss of degrees of freedom.
From the composed error component,
This results in a block-diagonal covariance matrix with serial correlation over time only between disturbances of the same individual and zero otherwise:
This implies the following correlation coefficient between disturbances:
Therefore, the covariance matrix can be computed as follows:
where J T is a matrix of ones of size T and the homoscedastic variance is VAR(
for all i and t. In this case, the GLS (generalized least squares) method yields an efficient estimator of the parameters. Following the general expression (White, 1980) ,
with
. In order to obtain the GLS estimator of the regression coefficients, it is necessary to estimate Ω −1 which is a matrix of dimension nT x nT . The GLS estimation of the random effects model is based on the transformation proposed by Baltagi (2008) 
whereỹ = y − θȳ andX = X − θX are the transformed variables in quasideviations from the group mean. The factor theta corresponds to Greene (2012) :
Focusing on a different derivation based on the spectral decomposition of Ω one obtains, Baltagi (2008) :
The random effects estimator (16) is a weighted average of the within and between estimators, with the ratio σ 2 v /(σ 2 v + T σ 2 µ ) being the weight assigned to the between groups variation. Therefore, under the assumption of fixed effects this latter variation is omitted, with the ratio equal to zero and θ equal to one (opposite to the OLS case). As a result, the treatment of individual effects as random provides an intermediate solution between complete variation and time invariant fixed effects. Swamy and Arora (1972) suggest using the within regression residuals to compute σ 2 v and the residuals from the between regression to compute σ 2 1 . From these estimates σ 2 µ can be calculated as: 4 .
Statistical inference is generally based on the asymptotic variance-covariance matrix:
where, once again, S 2 denotes the residual variance: S 2 = (e e)/(N − k), with residuals e = y −Xβ re .
Finally, the statistic of individual significance is computed as usual and it is normally distributed. Also, Wald distance for joint significance is computed as before, and the statistic of joint significance is:
The goodness of fit is measured with the R 2 , which is computed as the square of the correlation coefficient ofŷ andỹ.
The panel function implements the estimation of random effects panel data in MATLAB:
>> regre = panel(y, X, T, 're'); >> regre.dvarnames = dvarnames; >> regre.ivarnames = ivarnames; >> estprint(regre);
4 If the estimated σ 2 µ is negative, which occurs when the true value is closed to zero (Baltagi 2008, p. 20) , it may be replaced by zero as suggested by Maddala and Mount (1973) Panel: Random effects GLS (Swamy and Here rho_mu is the fraction of variance due to the individual effects and it is computed as
Hausman test of specification
In order to determine the correct specification of the model, fixed versus random effects, it is necessary to check the correlation between the individual effects and the regressors. When the individuals effects and the explanatory variables are correlated: E(µ i X it ) = 0, the fixed effects model provides an unbiased estimator, otherwise a feasible GLS is an efficient estimator in a random effects model. Hausman (1978) suggests comparing the GLS estimator of the random effects modelβ re and the within estimator in the fixed effects modelβ f e , both of which are consistent under the null hypothesis H 0 : E(µ i X it ) = 0. Under H 0 the GLS estimator is BLUE, consistent and asymptotically efficient, while the within estimator is consistent whether H 0 is true or not. Furthermore, the GLS estimator is inconsistent if H 0 is false. Therefore, the statistic would be based on the difference between both estimators:β f e −β re .
Hence, the Hausman test statistic is given by (Baltagi (2008) ):
where VAR(β f e −β re ) −1 = VAR(β f e ) − VAR(β re ).
For n fixed and T large, both estimators tend to similar values, with their difference converging to zero, and Hausman's test is unnecessary. However, in applications where n is relatively large with respect to T , it can be used to choose between estimators.
The [H, p] = hausman(estA, estB) function implements the Hausman test in MATLAB, where the input arguments estA and estB are estoutput structures of the previous estimations. The function returns the value of the test, H, and its corresponding p value, p. To display the results in a table, the hausmanprint(estA, estB) must be used: 
Heteroscedasticity in panel data models
The fixed effects model can be estimated using the within estimator and a robust covariance matrix when the disturbances are affected by heteroscedasticity. Hansen (2007) proposed a robust estimation of the parameters' covariance matrix using the White sandwich estimator, White (1980) :
From VAR(β f e ) the correct variance of the constant term must be computed as:
For the random effects model the robust estimation of the parameters' covariance matrix is computed using an estimator equivalent to that proposed by White (1980) , (23), but with the suitable transformation of the variables.
The panel function, with the options argument set to robust, implements the estimation of fixed effects robust panel data models in MATLAB: 
Instrumental panel data models
The assumption of exogeneity of the independent variables, X, when they are uncorrelated with the disturbance, E(X it , v it ) = 0, implies that OLS remains valid. However, there are many applications in which this assumption is untenable. In this case, when the regressors are endogenous, the OLS estimator loses consistency and unbiasedness. Consequently, we can apply an instrumental variables (IV) two stage estimation to the fixed effects, random effects and between models, Greene (2012).
We assume that there is a set of variables that are exogenous, uncorrelated with the disturbance, and relevant, i.e., correlated with the endogenous independent variables. This set is represented by the H matrix.
For an application of instrumental panel data, we follow Baltagi and Levin (1992) and Baltagi, Griffin, and Xiong (2000) who estimate the demand for cigarettes using data from 46 U.S. states over the period 1963-1992. 5 We estimate the consumption, c, measured as per capita sales, which depends on the price per pack, price, per capita disposable income, ndi, and the minimum price in neighbor states, pimin. The instruments normally used are the lags of the disposable income, ndi_1, and the lag of the minimum price pimin_1. 6
>> load('CigarData.mat') >> y = log(c); >> X = [log(price), log(ndi), log(pimin)]; >> H = [log(ndi_1), log(pimin_1), log(ndi), log(pimin)]; >> T = 29;
>> dvarnames = {'lc'}; >> ivarnames = {'lprice', 'lndi', 'lpimin'};
Instrumental panel data models are estimated using the ivpanel(y, X, H, T, method) function, where y is the vector of the dependent variable, X is the matrix of explanatory variables, H is the matrix of instruments, T is the number of time periods per unit, and method is a string that specifies the choice of panel data estimation method, among the following:
re: for a random effects estimation ec: for a error-components estimation, Baltagi and Liu (2009).
Two stage least squares (2SLS)
The first stage of the 2SLS estimation consists of estimating the independent variables,X, by an OLS estimate of X over the exgonenous variables and instruments, H: 7
The second stage consists in estimating the coefficients,β, using the predictedX:
In each case,ỹ,X andH represent the different transformations applied to the variables to obtain the within, between and GLS estimator as explained in Section 3. Regarding statistical inference, the statistic of individual significance is normally distributed, while the statistic of joint significance is distributed as a χ 2 with k − 1 degrees of freedom. The test for individual effects is that proposed in Baltagi (2008) .
The ivpanel function implements the estimation of fixed, between and random effects instrumental panel data models in MATLAB: 
Error components two stage least squares (EC2SLS)
Baltagi (1981) and Baltagi and Liu (2009) propose a generalized two stage least squares (G2SLS) estimation using the following matrix of instruments:
whereH contains the transformed instruments in deviations from the group mean, andH the group means. The 2SLS estimation is then performed using this matrix of instruments. 8
The error components two stage least squares (EC2SLS) estimator is consistent and presents the same limiting distribution than the G2SLS estimator. Although it is worth noting that for small samples the former shows gains in efficiency, Baltagi and Liu (2009) .
The ivpanel function provides an estimation of the error components two stage least squares (EC2SLS) model in MATLAB by specifying the ec method: 
Spatial panel data models
In recent years the econometrics literature has grown with topics related to the analysis of spatial relations using panel data models. The main reason is the availability of more complete data sets in which units characterized by spatial features are followed over time. In general, a spatial panel data set contains more information and less multicollinearity among the variables 8 The instruments A are used in the 2SLS procedure, but only H is used when estimating σ than a cross-section spatial counterpart (see Anselin (1988 Anselin ( , 2010 for an introduction to this literature). Additionally, the use of panel data increases the efficiency due to larger degrees of freedom and allows the inclusion of unobservable heterogeneities Baltagi (2008) .
In the context of cross-sectional models, Kelejian and Prucha (1998) introduced a generalized spatial two-stage least squares estimator, Kelejian and Prucha (1999) 9 proposed a generalized moments (GM) estimation method feasible even when n is large, while Anselin (1988) provided the ML (Maximum likelihood) estimator. Kapoor, Kelejian, and Prucha (2007) generalized the GM procedure from cross-section to panel data and derived its properties when T is fixed and n tends to infinite. Most recently, Elhorst (2003 Elhorst ( , 2010 and Lee and Yu (2010) presented the ML estimators of the spatial lag model as well as the error model extended to include fixed and random effects, solving the computational problems when the number of cross sectional units n is large. In line with Anselin (1988) and Kapoor et al. (2007) , Baltagi, Egger, and Pfaffermayr (2006) suggest a generalized spatial panel model allowing for spatial correlation in the individual and the remainder error components. They derive the ML estimator for this more general spatial panel model with random effects.
In order to compute different estimators in spatial panel models, we consider the Cliff-Ord autoregressive spatial panel model:
where the matrix L contains the spatial lagged independent variables, which usually are also included in X.
The application is based on Munnell (1990) and Baltagi (2008) We use the kronecker product to replicate the W adjacency matrix of the 48 U.S. states over all time periods:
Spatial panel data models are estimated using the spanel(y, X, L, W, T, method) function, where y is the vector of the dependent variable, X is the matrix of explanatory variables, L is the matrix of spatial lagged independent variables, T is the number of time periods per unit, and method is a string that specifies the panel data estimation method to use, among the following:
po: for a spatial pool estimation.
fe: for a spatial fixed effects (within) estimation.
be: for a spatial between effects estimation.
re: for a spatial random effects estimation ec: for a spatial error components estimation, Baltagi and Liu (2011) .
sec-b: for a spatial error components best estimation, Baltagi and Liu (2011).
Generalized two stage least squares (GS2SLS)
The spatial panels are computed as an instrumental variable estimation, extending the generalized spatial two stage least squares estimator (GS2SLS) provided by Kelejian and Prucha (1998) with fixed, between and random effects.
For simplicity, we rewrite the model more compactly as follows:
where Z it = (W y iy , X it , W L it ) and δ = (λ, β X , β L ). Following Kelejian and Prucha (1998) we build the matrix of instruments as:
We compute the first stage of the GS2SLS method estimating the fitted values for the independent variablesẐ performing OLS of Z on the instruments H:
In the second stage we compute the coefficients,δ , using the predictedẐ:
In each case,ỹ ,X andZ represent the different transformations applied to their corresponding set of variables to obtain the alternative estimations: fixed effects spatial two stage least squares (FE-S2SLS), between effects spatial two stage least squares (BE-2SLS), and random effects spatial two stage least squares (RE-S2SLS).
The fitted values are computed as in Elhorst (2003 Elhorst ( , 2010 :
The spanel function implements the estimation of the fixed, between, random and error components spatial panel data models in MATLAB: 
Spatial error components best two stage least squares (SEC-B2SLS)
Baltagi and Liu (2011) extend the error component two-stage least square estimator proposed by Baltagi (1981) , following the method introduced by Kelejian and Prucha (1998) and using Lee (2003) optimal instrument for this spatial autoregressive panel model. They obtain the spatial error components best two stage least squares estimator (SEC-B2SLS), in which we base our estimation.
Accordingly, we consider the following matrix of instruments:
whereH b = X , W A −1X β andH b = X , W A −1X β are the instruments with the transformations used in the fixed and between models, respectively, and A = (I N − λW ). λ and β are consistent estimators and can be those obtained from a pool spatial regression. Then, GSL estimation is performed using the matrix of instruments B. 
Numerical checks
Numerical checks against other commercial and free software are performed by comparing the standard panel data results obtained in Section 3 from this Panel Data Toolbox in MATLAB and the results reported by Stata, xtreg function, and the R package plm by Croissant and Millo (2008) , plm function.
Results for the fixed, between and random estimators using the Munnell (1990) Checks for the instrumental variables panel data models with fixed, between, random, and error components for Stata, using the xtivreg function, and R package plm function by Croissant and Millo (2008) , are reported in Table 2 , using the cigarette data, Baltagi (2008) . 13 Again, results are the the same for all three programs.
Spatial panel estimations are checked against the R package splm by Millo and Piras (2012) 14 , using the spgm function, which performs a GM implementation. 15 . Results in Table 3 reveal slight differences in the estimated coefficients and t statistics, but these differences do not change the overall features of the estimation results.
11 All decimals can be obtained for the Panel Data Toolbox accessing directly the properties coef or statistic of the estoutput structure.
12 The code is available in the supplementary files NC_panel_Stata.do and NC_panel_R.R. 13 The code is available in the supplementary files NC_ivpanel_Stata.do and NC_ivpanel_R.R. 14 The R package sphet by Piras (2010) can estimate spatial models with heteroskedastic innovations. 15 The code is available in the supplementary file NC_spanel_R.R. 
Conclusions
The new Panel Data Toolbox covers a wide variety of panel data models in the organized environment provided by MATLAB. Estimation methods include fixed, between and random effects, as well as instrumental variables models and spatial models.
Numerical checks show the consistency of the results, as the estimated coefficients and t statistics are equal to those reported by Stata and R for panel and instrumental panel data methods. This positions the new toolbox as a valid self-contained alternative for panel data econometrics in MATLAB.
Future improvements aim at adding new econometric methods, including unbalanced and rotating panels, dynamic panel data models, and additional tests.
